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The BCS theory models electron correlations with pure zero-momentum pairs. Here we consider
a family of pairing Hamiltonians, where the electron correlations are modelled with pure arbitrary-
momentum pairs. We find all models in the family are exactly solvable, and present these solutions.
It is interesting to note that the η pair or the d -wave pair condensate in Tc superconductivity can
be the ground state of a Hamiltonian in the family. These models are two-dimensional because only
the z-component of the total electron spin Sz is conserved. Significantly, for the η pair or d -wave
pairing model in the family we find an analytical expression of energy and an abrupt ground state
change from independent particle state to the d -wave pair condensate, suggesting a quantum phase
transition.
I. INTRODUCTION
In the conventional BCS theory, the zero-momentum
pairing is assumed to be dominant in the electron-
electron interaction [1, 2]. For degenerate single-particle
energies, the model becomes analytically solvable and
leads to a BCS pairing condensate as the ground state,
which provides straightforward explanations for many
physical phenomena. Over the past decades, pure
nonzero-momentum pairing has attracted much atten-
tions from physicists, for instance, the η pairing [3] as
metastable eigenstates of a simple Hubbard model and
the d-wave pairing related to antiferromagnetic spin and
unconventional high Tc superconductivity [4]. Therefore,
motivated by the solvable BCS model, it is interesting to
ask: what are the Hamiltonian models that lead to these
nonzero-momentum condensates as the ground states?
This is, we wish to reveal the dynamics of creation of
the condensates and find applications, for instance by in-
versely knowing these Hamiltonians it might be possible
to inversely implement the d-wave pairing condensates to
engineer unconventional high Tc superconductivity with
state-of-the-art technologies, such as trapped ions.
In this paper, we start with a general electron Hamil-
tonian and consider a family of pairing models, including
those with the BCS pairs [2], the η pairs [3] and the d-
wave pairs [5, 6] in Tc superconductivity. We find exact
solutions to this family, with the assistance of the dress-
ing transformations introduced for qubits [7]. The total
electron spin
−→
S of these models are not conserved except
for the BCS model, although the conservation of the z-
component Sz of the total spin remains. These models
are legitimate as physical Hamiltonians only on an xy -
plane defined by Sz. Different pairings in these models
are on equal footing in the sense that they can be unitar-
ily transformed into each other. In particular, these mod-
els can be converted to the conventional BCS model, with
an interesting extra single-particle energy. We study this
extra contribution of single-particle energy and observe
that it plays a decisive role in a quantum phase transition
between independent-particle ground states and collec-
tive η -pairing or d-wave pairing ground states. We find
conditions where non-BCS pairs, including the η-pairs
and the d-wave pairs, play the same role as the BCS
pairs. In this case, the ansatz in constructing the BCS
model implies that these non-BCS pairs could become
dominant.
II. GENERAL ELECTRON HAMILTONIAN,
PAIRS WITH GIVEN MOMENTUM AND SU(2)
SYMMETRY
Consider a general Hamiltonian of electrons on a peri-
odic lattice.
H =
∑
k,σ=↓,↑
ǫknkσ + V, (1)
where nkσ = c
†
kσckσ is the number operator of an elec-
tron with momentum vector k and spin σ. The electron-
electron interaction is
V =
∑
q,k,k′
Vk,k′c
†
q−k′↓c
†
k′↑ck↑cq−k↓. (2)
Here ck↑(ck↓) is a momentum-space annihilation opera-
tor of a spin-up (spin-down) electron. We consider one-,
two- or three- dimensional cubic lattices, with the total
number L of lattice sites in each dimension. The vectors
or modes k = (kx, ky, kz) with kx,y,z = 2πl/L, where
l = 0, 1, ..., L − 1. Vectors q have the same modes as k.
The interaction can be rewritten as
V =
∑
q,k,k′
Vk,k′η
†
q(k
′)ηq(k), (3)
which is expressed in terms of pair operators
ηq(k) = ck↑cq−k↓ and η
†
q(k) = c
†
q−k↓c
†
k↑. (4)
It is easy to check that, for a given q, these operators
satisfy commutation relations,
[ηq(k), η
†
q(k
′)] = δkk′ (1− c
†
k↑ck↑ − c
†
q−k↓cq−k↓), (5)
2such that ηq(k), η
†
q(k) and [ηq(k), η
†
q(k)] close an su(2)
algebra. In other words, they play the same roles as
Pauli matrices[8] ,
σ−k ⇐⇒ ηq(k), (6)
σ+k ⇐⇒ η
†
q(k),
σzk ⇐⇒ (c
†
k↑ck↑ + c
†
q−k↓cq−k↓ − 1)/2,
acting on the two bases |0〉k = Ik |0〉 and |1〉k = η
†
q(k) |0〉,
where |0〉 is the vacuum state and Ik is a unit operator
on the k-th mode. These define a qubit, or precisely the
k-th qubit in a collective subspace of the entire electron
Hilbert space.
In case that Vk−k′ = G is constant, the interaction
V = G
∑
q,k,k′ η
†
q(k
′)ηq(k) corresponds to a one-band
Hubbard-like model [9], which is a sum of different q-
components
∑
k′ η
†
q(k
′)
∑
k ηq(k) (Note that here q is not
summed over). In contrast, the BCS ansatz considers
particularly the q = 0 component and also sets Vk,k′ = G,
such that V = G
∑
η†0(k
′)η0(k). Here G is negative for
the BCS model.
III. SIMPLIFIED INTERACTIONS: PURE
PAIRING MODELS
Generally, pairs ηq(k) and η
†
q′ (k) for different values of
q do not commute but are related to each other. As an
ansatz, the BCS theory chooses the simplest q = 0 pair
component and neglects the others, which has been ver-
ified by numerous experiments. Motivated by this BCS
ansatz, we consider the family of all pure q- components
in the general Hamiltonian (1). We also employ a sightly
general separable couplings Vk,k′ = Gg(k)g(k
′), where
the BCS assumption Vk,k′ = G is a special case when
g(k) = g(k′) = 1. The family of pure q -component mod-
els can therefore be written as
Hq =
∑
k,σ=↓,↑
ǫknkσ + Vq, (7)
where Vq = Gη
†
qηq and q runs over the total momentum
space. This paper will mostly concentrate on the cases
with G < 0 as in the BCS theory. We term operators ηq
as q-pairs, which are defined as
ηq =
∑
k
g(k)ck↑cq−k↓, (8)
η†q =
∑
k
g(k)c†q−k↓c
†
k↑, (9)
behaving as collective pairs. We also call the pure q-
component models Hq as pure q-pairing models. The
pair with q = 0 and g(k) = 1 corresponds to the BCS
collective pair.
It is interesting to note that the ηpi pair with g(k) = 1
is the η pair introduced in [3], but it corresponds to the
d-wave pair [5, 6] when
g(k) = sign(cos kx − cos ky) = ±1, (10)
recommended in ref. [10]. In order for π− k and k to be
simultaneously possible k values, the number of sites, L,
must be even for the η pair [3]. We apply this constraint
to arbitrary value of q = 2π/L (three-dimensional inte-
ger) (mod2π), requiring that the even-odd parity of L is
the same as that of 2π/q, otherwise q − k and k would
not be simultaneously possible k values.
IV. SYMMETRY CONSTRAINS
The total spin operator of electrons is
~S =
1
2
∑
kαβ
c†kα~σαβckβ ,
where ~σ = (σx, σy, σz) are Pauli’s matrices. The BCS
model H0 conserves the total spin ~S, i.e., [H0, ~S] = 0.
However, while Sz remains conserved, the total spin is no
longer conserved for the rest of q 6= 0 pairing models (7).
It indicates that Hq 6=0 works in an anisotropic spin space,
or a two-dimensional xy-plane perpendicular to the z-axis
in spin space. Quantum states are common eigenvectors
of Sz and Hq 6=0. We have not found further coordinate
space symmetry for Hq 6=0 , however an assumption of
electrons being on the xy plane of the coordinate space
is clearly consistent with the conservation of Sz .
V. DRESSING TRANSFORMATION AND THE
BCS MODEL.
We now come to the main results of this paper. Specif-
ically, we first introduce the following dressing transfor-
mations [7]
Wqq′ = exp(−
π
2
[
∑
k
g(k)(c†q−k↓cq′−k↓ − c
†
q′−k↓cq−k↓)]),
(11)
where we set g2(k) = 1 as done in [10] and will al-
low it to be an arbitrary real function later. One can
check that any two q-pairs, ηq pairs and ηq′ pairs, can
be transformed or rotated unitarily into each other, i.e.,
ηq′ = W
†
qq′ηqWqq′ . These unitary dressing transforma-
tions do not change the su(2) commutation relation (5)
but rotate the bases, η†q(k) |0〉 → η
†
q′(k) |0〉. The forms of
electron-electron interactions in Hq are invariant under
these transformations,
Vq′ =W
†
qq′VqWqq′ .
It also shows that pair correlations with different q are
not independent. On the contrary, these correlations are
equivalent, or similar in mathematical term, to the BCS
pair correlation V0, subject to the unitary transforma-
tions Wq0 (notation as Wq for simplicity). Both pairs
must live on the two-dimensional spin space due to the
conservation of Sz .
3It is notable that under the dressing transformations
(11), the forms of single-particle energies are likewise in-
variant,
W†q
∑
k,σ=↓,↑
ǫkc
†
kσckσWq =
∑
k,σ=↓,↑
ǫkσ(q)c
†
kσckσ,
where ǫkσ(q) = ǫkδσ↑ + ǫk−qδσ↓. It remains diagonal
but becomes spin-dependent. This concludes that the
q-pair Hamiltonian Hq is equivalent to the BCS Hamil-
tonian with a spin-dependent single-particle energy. The
spin dependence can be separated from the total single-
particle energy. Consequently, the q-pairing models are
converted to an exactly same form as the BCS model
with spin-independent levels ǫk(q) plus a single-particle
Hamiltonian commutable with the electron-electron in-
teraction. The effective levels now are functions of q. A
q -pair model can therefore be treated as a BCS model
H˜0 with single-particle levels ǫk(q) plus an extra h¯ that
commutes with H˜0.
VI. EXACT SOLUTIONS FOR THE FAMILY OF
Q-PAIR HAMILTONIANS.
The equivalence or similarity leads to exact solu-
tions of all models in this family. The first step is to
solve the eigenproblem of the BCS Hamiltonian H˜0 =∑
k ǫk(q)(nk↑ + nk↓) +Gη
†
0η0,
H˜0 |Ψ〉 = E |Ψ〉 ,
where H˜0+ h¯ =W
†
qHqWq and ǫk(q) = (ǫk+ ǫk−q)/2 are
effective single-particle levels. The extra single-particle
energy h¯ =
∑
k(ǫk − ǫk−q)(nk↑ − nk↓) commutes with
H˜0, such that common eigenfunctions of H˜0 and h¯ are
allowed. Note that we have rewritten the single-particle
energy of Hq as∑
k,σ=↓,↑
ǫkσ(q)c
†
kσckσ
= h¯+
∑
k
ǫk(q)(c
†
k↑ck↑ + c
†
k↓ck↓).
The q-pair expression of h¯ is h¯q = Wqh¯W
†
q .
Having common eigenstates |Ψ〉 of H˜0 and h¯, one can
obtain the eigenstates |Ψq〉 by the inverse transformation
of Wq,
|Ψq〉 =Wq |Ψ〉 ,
specifically, replacing all ck↓ and c
†
k↓with cq−k↓ and c
†
q−k↓
in |Ψ〉 to obtain |Ψq〉. The corresponding eigenergies E
remain unchanged.
The exact solution of Hq with N electrons can be writ-
ten as [11]
|Ψq〉 =
M∏
l=1
S†l |m〉 , S
†
l =
∑
k
1
2ǫk(q)− El
g(k)η†q(k),
(12)
where 2M = N − m and m =
∑
mk is the number
of unpaired electrons, defined by ηq(k) |m〉 = 0 and
(c†k↑ck↑+ c
†
q−k↓cq−k↓) |m〉 = mk |m〉 , in particular m = 0
for the ground state. It may deserve mentioning that the
m = 0 subspace is in one to one correspondence with the
entire Hilbert space of qubits. It suggests that a super-
conductor may act as a natural quantum computer.
El satisfy the Richardson’s equation,
2
∑
l 6=m
1
Em − El
−
∑
k
1−mk
2ǫk(q)− El
=
1
G
,
and the eigenenergies of Hq are
E = E¯q +
∑
k
ǫk(q)mk +
M∑
l=1
El, (13)
where E¯q are eigenvalues of h¯ and are given by simply
filling the spin-dependent single-particle levels (ǫk−ǫk−q)
for spin-up and −(ǫk − ǫk−q) for spin-down.
The standard BCS treatment may also be interesting
in q-pairing models since it is a good approximation for
large systems. The BCS approximate solution is
EBCS ≈ E¯q + 2
∑
(ǫk(q)− λ)v
2
k +∆
2/G,
where the terms with v4 are neglected as usual. The BCS
wave function is
|Ψq〉 =
∏
(uk + vkg(k)η
†
q(k)) |0〉 ,
which has dx2−y2 pairing symmetry when g(k) in eq. (10)
is taken [10]. The gap parameter ∆ = |G|
∑
vkuk and
u2k
v2k
}
=
1
2
±
ǫk(q) − λ√
(ǫk(q)− λ)2 +∆2
.
Again, there are single particle energies E¯q, and for the
BCS pairing the energy E¯0 = 0.
The expectation values of an observable are subject to
the same dressing transformations,
〈Ψq|Oq |Ψq〉 = 〈Ψ|W
†
qOqWq |Ψ〉 , (14)
which are well-defined and can be obtained via the known
BCS theoretical methods. There are observables invari-
ant under the dressing transformations, for instance, the
z-component of the total spinW†qSzWq = Sz . The charge
density wave operator Q+ =
∑
k(c
†
q−k↑ck↑+c
†
q−k↓ck↓) [5]
has this property as well, W†qQ+Wq = Q+.
VII. EXAMPLES AND A QUANTUM PHASE
TRANSITION
We would like emphasize that the η pairs or d-wave
pairs can be treated on the equal footing in this frame-
work, as long as the different g(k) are used. It is in-
teresting to note for the η pairs or d-wave pairs that
4ǫk(π) = 4ǫ if one uses the single particle levels ǫk =
4ǫ − 2ǫ coskx − 2ǫ cosky in the two-dimensional attrac-
tive Hubbard model. It will contribute a trivial energy
4ǫN and will be neglected in the follow discussions. The
solution of Hpi is straightforward since [Hpi, Gη
†
piηpi ] = 0.
We consider the one-dimensional case. The ground
state is a result of the competition between the pairing
energy
Ep(N) = −UN(2L−N + 2)/L,
of Gη†piηpi ( G = −U/L is used) and the single-particle
energies Epi(N) given by h¯ = −2ǫ
∑
k cos k(nk↑ − nk↓).
The energy before half-filling is
E¯pi(K) = −4ǫ
sin (K + 1) a+ sin(Ka) + sin a
sin a
,
where a = 2π/L andN = 4K since h¯ has four-fold degen-
eracy. The total energy at half filling is Es(L) ≈ −2ǫL/π.
After half-fill it becomes
E¯pi(K) = 4ǫ
sin((K + 1) a)− sin(aK)− sin a
cos a− 1
,
where (N − L) = 4K. Numerical calculation shows that
when U/ǫ is small, h¯ is dominate in the ground state
competition, where spins arranges themselves up and
down such that the total magnetization is always zero
for N = 4K. We will call this state as MZ independent-
particle state or MZ state. For big values of U/ǫ, the π
pair (or d-wave pair) correlation Gη†piηpi becomes domi-
nate. The ground state therefore is in an η†pi condensate,
|Ψpi〉 =
1√
N !(L−N)!
η†Npi |v〉 .
When the values of U/ǫ are inbetween, the ground state
is in the MZ state around half-filling but becomes η†pi
condensation as the particle or hole number gets smaller.
For instance, when L = 104, U/ǫ < 1 corresponds to
the MZ state and U/ǫ > 1.31 to the η†pi condensation.
When 1 > U/ǫ > 1.31, the ground states is the MZ states
around half-filling and becomes η†pi condensation when
particle or hole number is small. Specifically, U/ǫ = 1.26,
the ground state leaves the MZ state and becomes η†pi
condensation at the doping level 0.2 and until full filling.
The single particle energy h¯ plays the essential role in
this analysis and the conclusions here are applicable to
both the η pairs and d-wave pair in two dimensions. (We
noticed after finishing the second version that solutions
with g(k) = 1 are considered in previous works [12] for
the FFLO states).
VIII. EXTENSIONS.
It is instructive to rewrite the Hubbard-type interac-
tion as
V = G
∑
q=0
Wqη
†
0η0W
†
q , (15)
whereW†0 = 1. The expectation values of V under a wave
function |Φ〉 is 〈Φ|V |Φ〉 = GTr(η†0η0ρ), where
ρ =
∑
q=0
W†q |Φ〉 〈Φ|Wq, (16)
where ρ is a non-normalized density matrix. This is sim-
ilar to the Kraus representation with many channels.
The crucial ansatz in the BCS theory is to pick up
one pure channel, the BCS pair channel at q = 0. The
ansatz has been verified by numerous experiments in nor-
mal superconductivity. This indicates clearly that the
BCS pairing is dominate in low-lying states in normal
superconductors. Since all pairs in the interaction are
on equal footing, intuitively the single particle energy
should be responsible for validity of the BCS ansatz. In
other words, the single particle levels ǫk are in favour
of the BCS ansatz. Note that the single particle energy
h =
∑
ǫkc
†
kσckσ, in the above discussions, commutes with
the total spin ~S.
Heretofore, we have not made any physical as-
sumption except generalizing and studying the BCS
ansatz to q-pairs. There are evidences that all known
high-temperature superconductors are strongly two-
dimensional. Since the q 6= 0 pairing Hamiltonians keep
the conservation of Sz and are not contradict with these
evidences, one may extend the forms of the single-particle
levels to spin-dependent ones, for instance considering
the effect from spin-orbital coupling, and writes them as∑
k,σ=↓,↑ ekσc
†
kσckσ . It and the total q-pair Hamiltonian
Hq commute with Sz. The dressing transformation Wq
will therefore give
ηq → η0, (17)
ek↑ → ek↑,
ek↓ → ek−q↓.
In the case that ek↓ = ek−q↓ = ǫk, ηq will play the exactly
same role as η0. This requires, for the attractive Hubbard
model, ek↑ = 4ǫ − 2ǫ coskx − 2ǫ cosky and ek↓ = −ek↑,
when q = π. The η pairs or d-wave pairs are therefore in
the same position as the BCS pairs η0, while η0 pairs be-
have the same as ηpi pairs as discussed in the last section.
In this case, the BCS ansatz implies that the η pairs or
d-wave pairs are dominate in low-lying states.
Another possible extension is to release the constraints
of functions g(k) in the dressing transformations (11).
Models generated by any form of g(k) are still in the
exactly solvable family since they can be unitarily rotated
to the BCS model. For instance when g(k) = 2θ/π and
q = π, a hybrid model
H = cos2 θH0 + sin
2 θHpi (18)
+
cos 2θ
2
(
∑
k
ǫkc
†
q+k↓ck↓ +Gη
†
0ηpi + h.c.),
is equivalent to the BCS model and may be used to ex-
plain the competition between the BCS pairs and η-pairs.
5Note that now there is a scattering term between the
BCS pairs and η-pairs. The similar technique is used for
quantum state transfer [13, 14]
Generally, all Hamiltonians H =W (H0+hB)W
† with
an arbitrary dressing transformation W are in the ex-
actly solvable family, where hB commutes with the BCS
HamiltonianH0 and may even be for another system such
as a bath. The eigenwavefunctions of H are W |Ψ〉 |B〉,
where |Ψ〉 are the BCS eigenfunctions and if there is
a bath, |B〉 are eigenfunctions of hB. Eigenvalues are
E + EB, which are sums of the BCS eigenenergies and
eigenvalues of hB. Physically, a BCS pair η0 now be-
comes a dressed BCS pair Wη0W
† and observables have
expectation values with the same form as (14). All known
BCS-type models can be generated by their own particu-
lar dressing transformations . For instance, a dressing
transformation
W = exp(i
∑
k
φkc
†
−k↓c−k↓), (19)
can put the BCS pairs into bath, i. e., a phonon bath
with hB =
∑
ωtb
†
tbt, where φk are bath operators. When
φk =
∑
k λ
t
kb
†
tbt, the dressed Hamiltonian is
H =
∑
k,σ=↓,↑
ǫknkσ +
∑
ωtb
†
tbt
+G
∑
k,k′
ei(φk′−φk)η†0(k
′)η0(k).
For weaking coupling λtk ≪ 1,
H ≈ H0 + hB + iG
∑
k
λtk′b
†
tbtη
†
0(k
′)η0 + h.c, (20)
the last term denotes a standard dephasing from the
phonon bath. It shows that the BCS dynamics is nat-
urally fault-tolerant against the dephasing. The method
may be applicable to energy transport [15].
IX. CONCLUSION.
Using the dressing transformations, we have found an
exactly solvable family of pairing models. The BCS
pairs are peculiar in the family as they live in a three-
dimensional spin space, while all other pairs survives on
two dimensional spin space. These paring models are on
equal footing but distinguish themselves according to ex-
tra single particle energies. This seems to suggest that a
d-wave pair is a dressed s-wave pair or vice versa, which
might be related to the d-wave [4] or s-wave [1] theoret-
ical issue. We look into an example and notice that the
extra energies are responsible for the transitions between
independent-particle states with zero magnetization and
collective η paring or d-wave pairing states. We also se-
cure a condition where another type of pairs can play
the role that the BCS pairs are playing. In addition, we
emphasize that the family of solvable models can be even
much bigger.
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